We present a complete and consistent quantum theory of generalised X waves with orbital angular momentum (OAM) in dispersive media. We show that the resulting quantised light pulses are affected by neither dispersion nor diffraction and are therefore resilient against external perturbations. The nonlinear interaction of quantised X waves in quadratic and Kerr nonlinear media is also presented and studied in detail.
I. INTRODUCTION
Electromagnetic waves are usually subject to diffraction and dispersion, i.e., a progressive broadening during propagation of the wave in both space and time, respectively. Ultimately, these effects are connected with the bounded nature of the wave spectrum and, therefore, to its finite energy content [1] . Maxwell's equations, however, admit diffraction-and dispersion-free solutions, the so-called localised waves [2] . An example of such solutions in the monochromatic domain are the well known Bessel beams [3] . In the pulsed domain, the most famous representatives of localised waves are X waves. Firstly introduced in acoustics by Lu and Greenleaf in 1992 [4, 5] , they have been the subject of an extensive study in different areas of physics, such as nonlinear [6, 7] and quantum [8] optics, condensed matter physics [9] , integrated optics [10, 11] and optical communications [12] , to name a few. A comprehensive review of the topic can be found in Refs. [2] and [13] .
Traditionally, X waves are understood as superpositions of Bessel beams of zero order, therefore neglecting their possible orbital angular momentum (OAM) content. The latter, in fact, is know to be related to the twisted phase front of higher order Bessel beams [14] . Generalisation of the traditional X waves to the case of OAM-carrying X waves has been only recently investigated [15] .
Despite the great amount of work that has been done in the subject in the last decades, however, investigations of quantum properties of X waves are very few and limited to the case of no OAM content [8, 16, 17] . Very recently, the effect of the OAM content of X waves in squeezing processes has been analysed in detail, highlighting new features and possibilities [18] . However, a comprehensive quantum theory of X wave and a complete analysis of their properties and dynamics at the quantum level has only be sketched in Ref. [18] and not fully developed. * marco.ornigotti@uni-rostock. de In this work, therefore, we present a complete and comprehensive quantum theory of X waves with OAM. Although the quantisation of the electromagnetic field carrying angular momentum has already been carried out in both the context of quantum field theory [19] and for generalised Gaussian-Airy wave packets [20] , the approach presented here constitutes a more general framework, where dispersion effects and nonlinearities are automatically accounted for. In particular, we discuss in detail the dynamics of quantum X waves in media exhibiting χ (2) − and χ (3) −nonlinearities. Our findings reveal that photon pairs generated via parametric down conversion present continuous variable entanglement in their velocity (i.e., Bessel cone angle) degree of freedom, while their OAM content plays an active role in the determination of the properties of photons propagating in Kerr media. In the latter case, the Kerr nonlinearity introduces a coupling between different OAM states, whose strength is essentially regulated by the overlap integral between the different X waves modes involved in the process. The approach presented here is limited to the quantisation of a scalar pulse propagating in a nonlinear medium. A complete discussion of the effect of vector properties of X waves is therefore left to future works. This work is organised as follows: in Sect. II we derive the expression of the wave equation in dispersive media casted as as a time evolution problem and we present its general solution in terms of X waves. Section III is instead dedicated to the quantisation of such X waves and to the study of their main properties. In this section, moreover, particle states and coherent states of OAMcarrying X waves are defined and it is shown that X wave coherent states carry finite energy. In Sect. IV, we consider χ (2) nonlinearities involving quantum X waves carrying OAM, and we discuss in particular the case of squeezing and entanglement. Section V is instead devoted to the study of quantum X waves with OAM in the presence of a Kerr nonlinearity. Finally, conclusions are drawn in Sect. VI.
II. WAVE EQUATION IN DISPERSIVE MEDIA
As a starting point of our analysis, le us consider the propagation of a scalar electromagnetic field in a linear, dispersive medium, characterised by the refractive index n = n(ω)
Moreover, let us assume that the paraxial approximation applies and that we can write the electric field as
where k = nω/c and the normalisation constant has been chosen such that the total energy of the field (i.e., the field intensity) can be written as
Direct substitution of this Ansatz into Eq. (1) results in the conventional Fock-Leontovich equation, namely [13] 2ik
The above equation describes a propagating wave along the z-direction. However, this problem can be equivalently casted in terms of a time evolution problem, thus allowing a generalisation of the results of this investigation to all problems that admit evolution equations that can be casted in terms of Schrdinger-like equations. To do that, we introduce the reference frame {ζ = z − (c/n)t, τ = t}, co-moving with the envelope itself, and rewrite Eq. (4) as follows:
Then, we apply the slowly varying envelope approximation (SVEA) to the envelope function A(r, ζ), so that the right-hand side of the above equation can be neglected [21] . If we now transform back into the reference frame {x, y, z, t} we obtain the following equation
which is now describing the evolution in time of the field envelope A(r, t). Moreover, ω ′ and ω ′′ are the first and second order dispersion defined as follows:
where k = k 0 n(ω). Equation (6) constitutes then the starting point of our investigation and will be used in the remaining of this manuscript to study the propagation of an electromagnetic field in a dispersive medium characterised by a refractive index n(ω) and first and second order dispersion ω ′ and ω ′′ , respectively.
A. Generalised X Wave Expansion
We now look for solutions of Eq. (6) as superposition of X waves. To do that, let us first write the envelope function A(r, t) in terms of its 3D Fourier transform, namely
where Ω(k) reflects the fact that the frequency of the field envelope experiences dispersion while the field propagates in the medium. If we now introduce the cylindrical coordinates {R, θ, z} and {k ⊥ , ϕ, k z }, the previous integral becomes
, we choose the following explocit form for the Fourier spectrumÃ(k) to represent the solution A(r, t) as a superposition of X wavesÃ
where S(k ⊥ , k z ) is an arbitrary spectrum whose explicit form will be given below. Moreover, we also assume that ∂ Ω(k)/∂ϕ = 0. Substituting the above spectrum into Eq. (9) and using the integral definition of thee Bessel function [23] , after a straightforward manipulation we arrive at the following form for the field envelope:
The above result constitutes an exact solution of Eq. (6) ifΩ(k) has the following expression:
This can be simply checked by substituting Eq. (11) into Eq. (6) and solving for Ω(k). Moreover, the above result allows us to introduce the co-moving coordinate Z = z − ω ′ t and the new frequency Ω = −(ω
If we now introduce the normalized transverse wave vector α and the X wave velocity v [29] as
Eq.(11) can be rewritten in the following form:
where
is the so called X wave transform [30] . A suitable choice for the spectrum X(α, v) is represented by the generalised X wave spectrum presented in Ref. [31] , namely
whereC p (v) are some arbitrarily expansion coefficients and
being L
p the generalised Laguerre functions of the first kind of index p [23] and ∆ is a normalisation length related to the spatial extension of the spectrum. Substituting this result into Eq. (14) and introducing the generalised OAM-carrying X wave of order p and velocity v as
where R = x 2 + y 2 , ζ = z−vt is the usual coming coordinate associated to X waves [2] and
we can rewrite Eq. (14) in the following, inspiring, form:
This is the first result of our work. The propagation of a paraxial electromagnetic field in a dispersive medium can be described by expanding the field envelope as a superposition of generalised X waves of order p and velocity v, carrying m units of OAM. To emphasise this, in the above equations we introduce the notation ψ
m,p (R, ζ) to highlight the three degrees of freedom that later upon quantisation will be promoted to quantum nnumbers, namely the OAM m, the spectral order p and the X wave velocity v. Note, moreover, that while m and p are discrete quantum numbers (i.e., the correspondent operators have discete spectra), the X wave velocity is a continuous quantum number. This result, moreover, is corroborated by the fact that ψ (v) m,p (R, ζ) are a complete and orthogonal set of functions and can be therefore used as a basis to represent any arbitrary field envelope A(r, t). A proof of the orthogonally and completeness of generalised OAMcarrying X waves is given in Appendix A.
B. Total Energy of the Field
In preparation for the quantisation of the field A(r, t), it is instructive to calculate the total energy carried by the field E(r, t) or, equivalently, the Hamiltonian function corresponding to E(r, t). As already pointed out in Eq. (2), the total energy E carried by the field is simply obtained by integrating the quantity |A(r, t)| 2 over the whole space. If we use the expression for A(r, t) given by Eq. (19) and substitute it into Eq. (3), it is not difficult to show that E has the following well known expression [1] :
We can rewrite the above expression in a more inspiring form by noticing that we can define the following timedependent expansion coefficients from Eq. (19), namely
and observe that they are solution to the harmonic oscillator differential equation, i.e.,
with
With this result at hand, we can rewrite Eq. (19) as
If we then notice that
we can also rewrite the total energy of the field as
Equations (24) and (25) have a very simple interpretation: the field envelope A(r, t) (and, consequently, the electric field itself) can be viewed as a collection (integral sum) of harmonic oscillators, each of them with complex amplitude C m,p (v) and associated to a travelling invariant wave with a v-dependent resonant frequency ω m,p (v), corresponding to the kinetic energy of free particles. The result above is similar to the case of a field expanded onto the normal modes of an optical cavity, with the different that in this case the modes are continuously distributed and rigidly moving, instead of being standing waves as in the traditional case. This allows us to adapt the ordinary quantisation techniques, as the one described for example in Ref. [22] , to the case of X waves in dispersive media.
III. QUANTISATION OF X WAVES
To quantise the field given by Eq. (24), we employ the standard technique of expressing the total energy E as a collection of harmonic oscillators and then associate creation and annihilation operators to the field itself [22] . As discussed in the previous section, according to Eq. (25) the total energy of the field is already written as a (continuous) collection of harmonic oscillators, and therefore the quantisation is immediate. To make this more explicit, however, we introduce the two real quantities Q m,p (v) and P m,p (v) and write the complex amplitudes
such that
It is therefore not difficult to interpret Q m,p (v) and P m,p (v) as the position and momentum of the field. We can then promote these quantities to operators and introduce the creation and annihilation operators of the field in the traditional way as follows:
with the usual bosonic commutation relations [24] 
Substituting Eqs. (26) and (28) into Eq. (24) brings to the following expression for the quantised field
where h.c. stands for hermitian conjugate. The expression for the Hamilton operator can be instead found by substituting Eqs. (26) and (28) into Eq. (25), thus obtaininĝ
Moreover, if we introduce the "mass of the X wave" as M ≡ /ω ′′ , the above equation can be rewritten as fol-
Equations (30)- (32) are the second main result of our work and represent quantisation of generalised OAMcarrying X waves. In particular, Eq. (32) is the analogue of a quantised Hamiltonian of a 1D gas of weakly interacting bosons, with mass M and velocity v [32] . This analogy is quite important, as it allows us to treat quantum X waves, which are intrinsically 3+1-dimensional fields, as one dimensional particle-like objects parametrised only by their own velocities v. This feature is similar to the particle-like nature of quantum solitons [33] and it is ultimately due to the nondiffracting nature of X waves.
A. Particle States
We can now look for the eigenstates of the Hamilton operator, represented by either Eq. (31) or (32) . In particular, in analogy to the traditional case [22] , we can introduce the N -particle states |m, p, v, N as states containing N field excitation with velocity v in the travelling mode (i.e., the X wave) ψ
complete and they can be obtained from the vacuum state |0 by successive applications of the creation operator, i.e.,
Moreover, it is not difficult to prove that the usual results concerning Fock states [22] are also valid in this case, namely the expectation value of the electric field operator is zero on the particle eigenstates, i.e.,
However, the Fock states |m, p, v, N are not normalisable, since their representation in configuration state r, t|m, p, v, N = ψ
m,p (r, t) carries infinite energy. In fact, if we compute the expectation value of the Hamilton operator over the Fock states, we get the following result [35] 
The Dirac delta appearing above, comes from the normalisation condition (33). This is not surprising, since also in the classical case, X waves are non-normalisable solutions of Maxwell's equations (exactly as plane waves), due to the fact that they carry infinite energy. To solve this issue, there are different approaches possible. First, one could introduce a finite quantisation volume and carry out the field quantisation is such finite volume [22] . In doing this, however, one should be careful to introduce a finite cavity with the desired symmetry, to use X waves as eigenstates for the field expansion. Another possibility would be to redefine the normalisation condition given by Eq. (33) by imposing by hand that it only makes sense when calculated for X states with the same velocity, namely
In this case, however, all the observable quantities will be finite if defined per unit volume, while the integrated quantities will be infinite, as in the standard case for X waves [2] . In particular, the Hamiltonian density in this case would be simply given bŷ
and its expectation value over Fock states Ĥ ≡ m, p, v, N |Ĥ|m, p, v, N will be
which is finite. However,
since X waves carry infinite energy. Moreover, in analogy with what is done for monochromatic paraxial beams [34] , all the other observables can be normalised using the energy density, thus obtaining finite, well defined quantities per unit volume.
Another possible way to overcome the problem in Eq. (36) is to consider X waves with finite energy (such as Bessel-X pulses, for example [2] ). In this case, we can define a new set of Fock states (to differentiate them from the set of Fock states corresponding to infinite-energy X waves) |X m,p ; n , which are normalisable, since
where X m,p (r, t) = r, t|X m,p ; n . We therefore have
and the expectation value ofĤ over such states gives now a finite value.
Having clarified this point, in the remaining of the manuscript, we will actually employ (unless otherwise explicitly specified) Eq. (33) as "normalisation condition" for the X waves particle states, implicitly remembering that they are associated with waves carrying infinite energy.
B. Coherent States
In analogy with the case of single mode quantum optics [22] , we can also define coherent X wave states as follows:
being α m,p (v) ∈ C. Then, the expectation value of the field operatorÂ(r, t) gives the classical X wave field, i.e.,
which, apart from the normalisation factor
corresponds to the classical generalised OAM-carrying Xwave field introduced in Eq. (18) . Like their classical counterparts, coherent X wave states carry infinite energy, since
IV. SECOND ORDER NONLINEARITY
We now turn our attention to quantum nonlinear processes involving X waves, and in particular to χ (2) -processes such as optical parametric amplification and Kerr nonlinearity. To start with, let us then consider three fields, namely a pump field, which, for the sake of simplicity, will be treated as a bright coherent state, characterised by the frequency ω p , and a signal and idler fields characterised by the frequencies ω 1 and ω 2 , respectively. Moreover, we assume that signal and idler have different group velocities, i.e., ω ′ 1 = ω ′ 2 , but the group velocity dispersion of both fields is the same, namely ω
The field operators for the signal and idler fields are obtained from Eq. (30) with the substitutions ω → ω 1,2 and ζ → ζ 1,2 , respectively. The total (time dependent)Hamiltonian of the system in presence of second order nonlinearity is then given as follows:
whereĤ 0 is the free field Hamiltonian given by Eq. (31), λ ≪ 1 is the interaction parameter (assumed very small) andĤ I is the quantised version of the classical χ (2) -interaction Hamiltonian [21] , namely
Before considering on the nonlinear quantum dynamics of the system described by Eq. (47), we must find a quantised expression for the classical interaction Hamiltonian.
To do so, let us consider the first term in the above equation (the second is then obtained by simply taking the Hermitian conjugate) and uses Eq. (30) to obtain
where the subscript 1 refers to the signal field and 2 to the idler field, respectively. We can now use the above result to write the quantised form of the interaction Hamiltonian for second order nonlinearity. To do this, however, it is useful to define the quantity ρ = k 1 ω ′ 2 /(k 2 ω ′ 1 ) and introduce the interaction function
where Θ(x) is the Heaviside step function [23] and f p,1 , f q,2 are defined according to Eq. (17) . Moreover, we also define the function
.
If we now subsitute Eq. (49) (and its complex conjugate) into Eq.(48) and perform the spatial integration using the orthogonality relation between X waves modes given by Eq. (93), we can write the interaction Hamiltonian in the following form:
We are now in the position to calculate the state of the electromagnetic field after the nonlinear interaction with the medium. To do so, since λ ≪ 1, we can treat the nonlinearity as perturbation and use the SchwingerDyson expansion of the propagator exp [−iĤ(t)/ ] [25] truncated at the first order to obtain the following expression for the state of the field after the nonlinear interaction:
where |ψ(0) = |0 has been implicitly assumed. In our case, using the expression of the interaction Hamiltonian given by Eq. (52) we have
If we now introduce the quantities
and introduce, for convenience of notation, the quantity
and the two particle state
we can write the perturbed state |ψ (1) (t) as follows:
(58) The above state represents the superposition of two particles, corresponding to the two modes ω 1 and ω 2 (generated by the nonlinear process) travelling with velocities u and v, respectively. Moreover, since the function G m,p,q (u, v, t) is in general non-separable in the variables u and v, the above state represents a continuous variable entangled state in the (continuous valued) velocities u and v of the two particles.
A. Transition Probability
We can now use the explicit, analytic expression for the state after the nonlinear interaction to calculate the probability for the field to be in such a state after the interaction with the χ (2) -nonlinearity of the medium. We then get r,s (ũ,ṽ, t)G m,p,q (u, v, t) n, r,ũ; −n, s,ṽ|m, p, u; 
As it can be seen, the transition probability is ,in general, non-separable in {u, v} due to the inseparability of χ m,p,q (u+v) with respect to u and v. Although the above form represents an exact (within the perturbative limit) expression for the transition probability P (t), its form is quite difficult to handle, and further approximations are needed to fully understand its properties. In particular, here we employ two different approximations. First, we consider the state of the system for t → ∞, meaning that we look at the system far away (in time) from the moment of interaction. If we do that, P m,p,q (u, v, t) tends to a Dirac delta function peaked at F (u, v) = 0, since
We then have
For large times, therefore, the entangled particles with velocities u and v are associated to points in the (u, v)−plane which are constrained on the parabolic surface F (u, v) = 0. To further simplify this result, we can look at the socalled low velocity limit, which corresponds, in the theory of interacting quantum gases [26] , to the small momentum approximation. In this limit, we neglect the quadratic contributions in F (u, v). This allows us to rewrite the function F (u, v) as follows
and therefore the Dirac delta above can be rewritten as
Inserting this approximation in Eq. (62) brings to the following result
For practical cases, ρ ≃ 1 and therefore the above expression constrain the two particles to travel at the same speed u = v. In this case, the transition probability (59) assumes the following explicit form
The above integral over u can be performed analytically if we use the definition of generalised Laguerre polynomials [27] and the integral formula [28]
thus obtaining
The transition probability in the large times, low velocity limit thus reads (with C ≡ p,q C p,q )
Therefore, in the large times and low velocity limit, the transition probability scales with the square of the interaction time. This result, anyway, is not unexpected, as in our case the large times limit corresponds to the infinite thickness, perfect phase-matching limit for standard quantum optics in bulk crystals [21] .
V. KERR EFFECT
We now turn our attention to the case of Kerr nonlinearity and study the dynamics of OAM-carrying X waves in presence of such nonlinearity. To do that, we first derive, in the low velocity limit, an expression for the interaction Hamiltonian and then calculate the state of the system after the interaction, assuming that the initial state of the field is the vacuum state. Afterwards, we show that the Kerr dynamics can be split into two parts: a classical evolution of the envelope function, which obeys a wave equation, and a quantum evolution for the field operators, which is described by a nonlinear Schrödinger equation, whose potential depends on the OAM content of the system.
Notice that the form of the field operator given by Eq. (77) is very similar to the one of a field operator of an optical beam, where the function ξ mp (η, r, t) plays the role of the mode function [37] . In particular, it is not difficult to see that the mode function ξ mp (η, r, t) is a solution of the initial wave equation Eq. (6). This result is quite important, as it states that the mode function ξ mp (η, r, t) contains information only on the classical (i.e., deterministic)evolution of the system under the action of the Kerr nonlinearity and it is somehow decoupled from the quantum evolution, which only affectsφ mp (η).
To study the quantum evolution of the system, therefore, we impose that the operatorφ mp (η, t) obeys the Heisenberg equation of motion
whereĤ =Ĥ 0 +Ĥ I . Using a bit of algebra, it is not difficult to show that
and
where {a} = {a, b, e, f, g, h} and {b} = {a, m, e, g, b, p, f, h}, with {a, m, e, g} ∈] − ∞, ∞[ and {b, p, f, h} ∈ [0, ∞[. The equation of motion for the field operatorφ mp (η) can be then written in the following form:
The field operatorφ mp (η, t) is then a solution of a set of coupled nonlinear Schrödinger equation. As can be seen, the coupling is essentially given by the coupling of the different OAM modes that define the nonlinear potential V {b} (η). This is the main effect of the Kerr nonlinearity, namely to introduce a coupling between different OAM values of different X wave states. This coupling, moreover, depends essentially from Σ {b} (η), i.e., from the overlap integral between the four modes involved in the nonlinear process. The Kronecker delta in the definition of the nonlinear potential V {b} (η), moreover, does not fix univoquely a relation between the four OAM states involved in the process, but it imposes only the conservation of angular momentum between the states involved in the interaction by defining a family of possible sets of OAM states that can be generated via Kerr effect. This, in principle, could be used to generate single photon X wave states with high OAM content.
VI. SUMMARY AND CONCLUSIONS
In this work, we have presented a rigorous theory of quantum X waves with orbital angular momentum in dispersive media. In particular, we have shown that quantised OAM-carrying X waves are formally analogue to a 1D gas of interacting bosons, characterised by a mass M and a velocity v [see Eq. (32)], which are, respectively, proportional to the group velocity dispersion and the Bessel cone angle of the X wave. We have then used these results to investigate the dynamics of quantum X waves in media exhibiting χ (2) −, as well as χ (3) −nonlinearities. For the case of quadratic nonlinearities, we have shown that a continuous variable entanglement between the X wave velocities can be realised [see Eq. (58)]. For the case of Kerr nonlinearity, instead, we have shown that the dynamics of the X wave can be splitted into a classical (deterministic) and a quantum part. The classical mode function ξ mp (η, r, t) evolves accordingly to the wave equation in dispersive media [Eq. (4)], while the quantum part evolves according to a system of coupled nonlinear Schrödinger equations [Eq. (82)], with a potential that depends on the coupling between the various OAM states involved in the interaction.
In conclusion, our work presents a complete theoretical toolkit for the handling of nondiffracting quantum states of light and we envisage that it could be useful for the realisation of a new generation of quantum communication and quantum information protocols based on nondiffracting optical pulses. The natural resilience of X waves to external perturbations, in fact, makes them the idea candidate for the realisation of free space quantum communication channels. The fact that they carry OAM, moreover, gives the possibility to increase the amount of information that can be transferred in a (virtually) undistorted way through the atmosphere.
m,p (R, ζ) as given by Eq. (18) , constitute an orthogonal set of functions.
Let us consider the following scalar product between two generalised OAM-carrying X waves, one of order p and velocity v, namely ψ (v) m,p (R, ζ), and the other one of order q and velocity u, i.e., ψ
This quantity can be written explicitly by using Eq. (18) to obtain
First, we solve the azimuthal integral, which gives
Then, by substituting this result in the expression above and introducing the scaled radial coordinate ρ = R ω ′′ k/ω ′ , we have
We now use the orthogonality of Bessel functions [23]
and we rewrite (using also the above result) the exponential function in Eq. (87) that contains Z and t as follows:
Now, since dz = dZ, we can perform the z-integration in Eq. (87) obtaining dZ e
Substituting this result into Eq. (87) and using moreover the orthogonality relation for generalised Daguerre polynomials [23]
we obtain the final result
Apart from a normalisation constant [which can be included in the definition of ψ
Then, generalised OAM-carrying X waves are an orthogonal set. Moreover, from the above expression it can also be noted that generalised OAM-carrying X waves carry (unsurprisingly) infinite energy, as their norm is infinite, like for plane waves.
APPENDIX B: KERR HAMILTONIAN AND VERTEX FUNCTION
In this appendix, we calculate explicitly the spatial integral appearing in Eq. (71) and define the correspondent vertex function. In particular, we will first rewrite the integral appearing in Eq. (71) in simpler form, then define the vertex function and calculate its Fourier transform, which will allow us to give a compact insightful form to the vertex function χ {m} (x). First of all, let us write the spatial integral explicitly (remembering that for t = 0, ζ = z): 
where dα 4 = dα 1 dα 2 dα 3 dα 4 and ξ = ω ′′ k/ω ′ . Moreover, in the last line we used the notation I z and I θ to indicate the integrals with respect to z and θ, which can be solved immediately, thus leading to
and I θ = 2πδ l+s,m+n ,
respectively. Substituting these results in the expression for I above, we can define the vertex function as χ {m} (P ) = ( 2 χ/2)I(P ), leading to × J m (ξα 1 r) J n (ξα 2 r) J l (ξα 3 r) J s (ξα 4 r)
where F pqrt (α) = f p (α 1 )f q (α 2 ) r (α 3 )f t (α 4 ). For later convenience, it is instructive to calculate the Fourier transform of the above equation.
To to that, we first define the function K mnls (r, α, ξ) = J m (ξα 1 r) J n (ξα 2 r) J l (ξα 3 r) J s (ξα 4 r), so that we can define K mnls (ξ, α) = ∞ 0 dr rK mnls (r, α, ξ).
Then, the Fourier transform σ {m} (X) of the vertex function χ {m} (P ) can be written as σ {m} (X) = 1 2πω ′ dP χ {m} (P )e 
The α-integral in the above expression can be further simplified by noticing that each α k -integral can be solved individually and it just amounts to the definition of generalised OAM-carrying X wave given by Eq. (18), evaluated at {θ = 0, ζ = X} and with v = 0,namely
µ,ν (r, X).
Using this fact, we can then rewrite the Fourier transform of the vertex function as σ {m} (X) = π 2 χ ω ′′ δ m+n,l+s 
Direct substitution of this quantity into the above expression forĤ I gives exactly Eq. (75).
